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Why are Numerics Increasingly Important?

• ML folks love reduced precision and reduced energy
• HPC folks love all of this + rigor J

• Rigorously Reducing Precision is Rife with Unsolved Challenges:
• How to does one tightly bound the # of bits lost?
• For “large” Straight-line Code? ß “Satire” to appear in SC’20
• With Conditionals?                     ß this talk
• With Loops? ß Useful methods lacking

• Path forward: 
• Conquer each step
• Try to stay “small” and ”local”
• Eventually try and evolve static analysis and ML-based methods 

• that calibrate off of the rigorous – this can buy scale
• Bake it into compilers



Our Current Formal Analysis Capabilities of FP Code

• Two Inputs
• One Output
• About 30 

operators
• Given input 

intervals of values 
for x1 and x2

• We can estimate 
the absolute error 
of the output 
value fairly 
tightly using many 
modern methods 
within acceptable 
times



Recent Advances for Straightline Code

• Most tools up until 2020 gave up on expressions of about 100 operators
• In 2020, we introduced a method (to appear in SC’20) that can scale 

up to 4 million operators
• The Satire tool realizes our method (see https://arxiv.org/abs/2004.11960

for a precursor to Satire that went upto 1M operators)
• Satire is based on 

• Symbolic Reverse-Mode AD
• Expression Canonicalization to help Global Optimizers
• An Info-Theory-Guided Conservative Abstraction Method 

SATIRE = Symbolic Abstraction-guided TechnIque for Rigorous estimation of Error

https://arxiv.org/abs/2004.11960


Satire in One Slide

• Symbolic reverse-mode A/D  
• Derivative-strength of Out wrt n

• Keep expressions canonicalized
• Multiply forward error at n
• Compute incrementally  
• Abstract when Err_n becomes large 



Trouble due to Conditionals
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Scalable and Rigorous Analysis of Floating-point Conditionals 1:5

1 INPUTS { x1 fl64 : (0.01, 1.0);
2 x2 fl64 : (0.01, 1.0);
3 x3 fl64 : (0.01, 1.0);
4 x4 fl64 : (0.01, 1.0); }
5 OUTPUTS { y ; }
6 REQUIRES { RSC1 : (x1∗x3 < x2) || (x2 >= x4) ; }
7 EXPRS { h rnd64 = (x2/x1) + x3 ;
8 g rnd64 = x1 + x1∗x2 ; //<�LOC0
9 if ( x1�x2 < 0.4 ) then //P1
10 g rnd64 = 1 + 1/g ; // <�LOC1
11 else
12 if (( x3∗x3 > 0.25 ) && (x4∗h <= x1∗x1)) //P2
13 then g rnd64 = h + x2∗x3 ; // <�LOC2
14 endif
15 endif
16 // <�LOC3
17 y rnd64 = g + sin(x4) ;
18 }
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Fig. 2. Example Conditional Program and its Conditional Graph

3 GENERATING CONDITIONAL GRAPHS
3.1 Input Syntax
Figure 2 presents an illustrative example in the concrete syntax of S�����, and also the conditional
graph. Figure 3 presents the abstract syntax of programs handled by S����� that is translated to
conditional graphs using the formal rules in Figure 4. We basically deal with straight-line programs
with conditionals. We do not consider loops in our work, given that conditional analysis itself
hasn’t been adequately handled. Also, many problems associated with loops—including inferring
strong loop invariants—remain open. We believe that progress in handling conditionals will directly
contribute to the success of handling loops.

3.2 Highlights of Conditional Graphs
Conditional graphs are computational graphs where the role of the conditionals is modeled using
if nodes that are introduced appropriately to steer the computed results to the output. The compu-
tational subgraphs mirror standard expression graphs, and preserve the order of the �oating-point
operations as expressed in the source code.1
The purpose of building these computational graphs is to permit the de�nition of symbolic

reverse-mode AD directly on them. We also keep in mind the task of instability analysis. To permit
both analyses, we �rst abstract from the actual predicate expressions (BE of Figure 3) and name the
predicates using new symbols. For instance, P1 on line 9 of Figure 2 stands for (x1 � x2 < 0.4)). The
conditional graph depicts P1 and ¬P1 labeling the edges of an if node, as illustrated in Figure 2 on
the right-hand side.

Our error analysis bifurcates into two directions at this point:

1It might help to think of our computational graphs as a hardware circuit with the if nodes acting as multiplexors.

Proc. ACM Program. Lang., Vol. 1, No. CONF, Article 1. Publication date: January 2018.

• Absolute error 
depends on the 
path taken

• The path taken 
depends on the 
error

• In addition, the 
“unstable 
conditionals” can 
suddenly switch, 
causing an 
“amplified output 
value jump”



Challenges
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Scalable and Rigorous Analysis of Floating-point Conditionals 1:5

1 INPUTS { x1 fl64 : (0.01, 1.0);
2 x2 fl64 : (0.01, 1.0);
3 x3 fl64 : (0.01, 1.0);
4 x4 fl64 : (0.01, 1.0); }
5 OUTPUTS { y ; }
6 REQUIRES { RSC1 : (x1∗x3 < x2) || (x2 >= x4) ; }
7 EXPRS { h rnd64 = (x2/x1) + x3 ;
8 g rnd64 = x1 + x1∗x2 ; //<�LOC0
9 if ( x1�x2 < 0.4 ) then //P1
10 g rnd64 = 1 + 1/g ; // <�LOC1
11 else
12 if (( x3∗x3 > 0.25 ) && (x4∗h <= x1∗x1)) //P2
13 then g rnd64 = h + x2∗x3 ; // <�LOC2
14 endif
15 endif
16 // <�LOC3
17 y rnd64 = g + sin(x4) ;
18 }
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Fig. 2. Example Conditional Program and its Conditional Graph

3 GENERATING CONDITIONAL GRAPHS
3.1 Input Syntax
Figure 2 presents an illustrative example in the concrete syntax of S�����, and also the conditional
graph. Figure 3 presents the abstract syntax of programs handled by S����� that is translated to
conditional graphs using the formal rules in Figure 4. We basically deal with straight-line programs
with conditionals. We do not consider loops in our work, given that conditional analysis itself
hasn’t been adequately handled. Also, many problems associated with loops—including inferring
strong loop invariants—remain open. We believe that progress in handling conditionals will directly
contribute to the success of handling loops.

3.2 Highlights of Conditional Graphs
Conditional graphs are computational graphs where the role of the conditionals is modeled using
if nodes that are introduced appropriately to steer the computed results to the output. The compu-
tational subgraphs mirror standard expression graphs, and preserve the order of the �oating-point
operations as expressed in the source code.1
The purpose of building these computational graphs is to permit the de�nition of symbolic

reverse-mode AD directly on them. We also keep in mind the task of instability analysis. To permit
both analyses, we �rst abstract from the actual predicate expressions (BE of Figure 3) and name the
predicates using new symbols. For instance, P1 on line 9 of Figure 2 stands for (x1 � x2 < 0.4)). The
conditional graph depicts P1 and ¬P1 labeling the edges of an if node, as illustrated in Figure 2 on
the right-hand side.

Our error analysis bifurcates into two directions at this point:

1It might help to think of our computational graphs as a hardware circuit with the if nodes acting as multiplexors.
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• (How) can we 
obtain the worst-
case absolute 
error across all 
paths?

• (How) can we 
obtain the worst 
case instability 
jump over all 
conditionals?

• Can we do this for 
practically sized 
problems? 



Results

• Preliminary results are encouraging
• We will release our conditional benchmarks into http://fpbench.org/
• They include many examples found in books like this + others…

• The examples far exceed in size those handled by the only other tool (PRECISA)

• Loops anyone? J

http://fpbench.org/


Concluding Remarks

• We have a method based on extending symbolic reverse-mode 
AD to handle conditionals
• Error analysis requires predicated path-derivative summation
• Also a cond-widening technique to infer instability errors exactly

• It also requires extending the underlying global optimizer to 
handle conditional global optimization

• Progress in this area directly aids synthesis and resynthesis:
• Safely precision-tune code
• Do operator selection
• Re-analyze to keep error and instability jump under acceptable limits


